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1, INTRODUCTION 
In [3], Kantor discusses various methods to produce translation planes 
from ovoids in an 52 + (8, q) space. Recall an ovoid 0 in a 2n-vector space 
is a set of q”-’ + 1 points on a hyperbolic quadric no two of which lie on 
a line of the quadric Q. If P is a point of Q-O of a 8-space then the 6-space 
obtained by forming P’/(P) inherits a hyperbolic quadric Q- from Q and 
an ovoid O- of q* + 1 points from 0. The Klein correspondence produces 
a set of q* + 1 mutually disjoint 2-dimensional subspaces of a 4-vector 
space which defines a translation plane of order q2 and kernel GF(q). 
Some of the translation planes constructed by Kantor of order q* and 
kernel K isomorphic to GF(q) admit afhne homology groups of orders 
q - 1 and q + 1 respectively and further admit a cyclic collineation group in 
the linear translation complement of order q* - 1. These planes have been 
investigated by Johnson in [4 J and have various interesting properties. In 
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particular, the cyclic homology group of order q + 1 defines a set of q - 1 
mutually disjoint K-reguli (reguli in PG(3, K)) by the orbits of components 
of the plane. Hence, there are a large number of potentially nonisomorphic 
planes obtained by the multiple derivation of any subset of the q - 1 reguli. 
In the planes of Kantor, the cyclic homology group of order q - 1 
produces nets of degree q + 1 obtained by any orbit of components union 
the axis and co-axis which are of interest. In any such net, there are always 
exactly two Bear subplanes of the net which are K-subspaces. The union of 
these two Bear subplanes with the remaining components produces a 
maximal partial spread in PG( 3, q) of deficiency q - 1 (see Johnson [ 51). 
Furthermore, the corresponding net of degree q* -q + 2 is imbeddable in 
an alline plane if and only if the plane is of characteristic three (Johnson 
151). 
With appropriate choice of basis for the vector space, any of the nets 
corresponding to the homology group of order q - 1 may be represented in 
the plane by the equations 
x=0, u 0 y=x 0 u3 [ 1 
for all UEK, where x, y are 2-vectors over K. If q = 3’ then the corre- 
sponding net is derivable but does not correspond to a K-regulus. 
Derivation of this net then produces a translation plane of order 3*’ and 
kernel GF( 3) (see Johnson and Ostrom [6]). 
In this article, we consider a class of translation planes of order q* and 
kernel K isomorphic to GF(q) which admit afline homology groups of 
order q - 1 and q + 1 respectively and admit a cyclic group of order q* - 1 
in the linear translation complement. Here, the nets corresponding to the 
homology group of order q - 1 may be represented in the form 
x=0 and .Y=x[~ u2y+,] 
for all u E K, where x, y are 2-vectors over K. We call such planes j-planes 
(see Definition (2.1)). The planes of Kantor mentioned above then are 
j = 1 -planes. 
We note that j= O-planes are Desarguesian. So, the Andre’ planes of 
order q* and kernel GF(q) will be among the planes constructed by replace- 
ment of regulus nets in j-planes. In particular, the regular nearlield planes 
may be constructed by multiple derivation of (q - 1)/2 of the regulus nets. 
It turns out that regular near-field planes are (q - 1)/2-planes. In j-planes, 
a similar construction produces what might be called pseudo nearfield 
planes. These planes also admit a collineation group of order q* - 1 and 
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depending on a certain irreducible quadratic, the group is cyclic and the 
planes are ((q - 1)/2 + j)-planes. 
Thus, for every j-plane there are at least: 
(i) (“;‘)+(“;‘)+ . . . +(;::)=2+l)-l translation planes of 
order q* and kernel K isomorphic to GF(q) obtained by replacing subsets 
of q - 1 disjoint reguli (not all of these planes are necessarily distinct), 
(ii) q + 1 maximal partial spreads in PG(3, q) of deficiency q - 1 
each of which is imbeddable in an affine plane if and only if 2j + 1 I q (see 
Johnson [S] for some remarks on isomorphism of partial spreads), and 
for odd order there are (‘qr’“2)+(‘Y-~“2)+ ... +(~~:~1//:)=2’q-‘)‘2-1 
maximal partial spreads in PG(3, q) of deficiency q - 1 (see Section 4). 
(iii) if 2j + 11 q, there is a translation plane of order q* with kernel 
the fixed field of the automorphism x + x3+ ’ of K and if q is odd there are 
2’y- ‘)‘* - 1 (see (ii)) such translation planes with this kernel. 
We are able to show that the existence of a j-plane is equivalent to the 
existence of a particular type of permutation polynomial. Then, using some 
results of Dickson [l] on the existence of various permutation polyno- 
mials, we are able to construct a number of infinite classes of j-planes. Also, 
we are able to reconstruct the planes of Kantor using permutation polyno- 
mials as opposed to appealing to the ovoids in &space. 
There are also a large number of sporadic j-planes which we have deter- 
mined with the aid of a computer. We shall list these at the end of this 
article. 
The general problem of characterizing translation planes of order q* and 
kernel K z GF(q) that admit a linear collineation group G of order q* - 1 
such that G n K* (as a collineation group) is trivial is considered by 
Figueroa in [2]. In [a], m-planes are defined. A j-plane is an m-plane with 
m = 2j. However, the converse may not be true although there are no 
known couterexamples for m odd and there cannot be counterexamples for 
odd order planes. In particular, Figueroa has proven the following result: 
THEOREM (Figueroa [2]). Let rt denote a translation plane of order q* 
and kernel containing K isomorphic to GF(q) which admits a collineation 
group G of order q* - 1 in the linear translation complement such that 
GnK*= (1). Then 
(1) if q is even and G leaves two components invariant then n: is a 
m-plane for some m, and 
(2) if G is cyclic and the plane is of odd order then 7c is a j-plane. 
We also note that Figueroa [2] determines an isomorphism condition 
which essentially states that a j- and k-plane are isomorphic only if j is 
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equal to k and determines the collineation groups. The reader is referred to 
Figueroa for examples of translation planes of order q* admitting a non- 
cyclic linear collineation group of order q* - 1 as well as examples of 
j-planes of small orders. 
So, there are fundamental reasons for the study of j-planes apart from 
the extension of the planes of Kantor. 
In this paper, we are interested in properties of j-planes and construc- 
tions of infinite classes ofj-planes. 
The organization of the paper is as follows: In Section 2, we discuss 
coordinates and properties ofj-planes. We give the construction of infinite 
classes of j-planes in Section 3. Pseudo nearfield planes are studied in 
Section 4. Furthermore, in this section, we show how to construct other 
translation planes with small kernel and additional maximal partial spreads 
in PG(3, q) with deficiency q - 1. Finally, in Section 5, we list some 
sporadic examples determined with the aid of a computer. 
2. COORDINATES AND PROPERTIES 
We begin by defining a j-plane. This definition is motivated by the struc- 
ture of some of the planes of Kantor [3] as explicated in Johnson [4]. 
(2.1) DEFINITION. Let K z GF(q) and let x2 + xg - f be an irreducible 
quadratic over K for g, f E K. Then { [ > .,! ,g] 1 U, t E K} is a field of 
order q*}. Let 6,, denote the determinant of [ > u ,! ,g]. 
Let 
where j is a fixed, integer. Then it is easily verified that G is a cyclic group 
of order q* - 1. Now let V denote the 4-dimensional vector space over K. 
Let x = (xi, x2) y = (yi, y2), where xi, yi for i= 1,2 are in K and let 
0 = (0, 0). 
Then the equations x= 0, y = 0 and the G images of y = x define a 
spread if and only if 6, I ‘+ --d/;,(u+tg)+(l-u)#Oforanyu,tEK,where , 
(u, f) z (0, 0). 
If a spread and thus a translation plane is defined by J g, and j, the 
translation plane is called a j-plane. 
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As was mentioned in Section 1, the Kantor planes mentioned in Johnson 
[4] are j= l-planes. Johnson [4] determined the form of the spread and 
the cyclic group which is exactly as above for j= 1. However, the reader 
should note that here the l-planes are called (q - 1, q + 1) planes. Thus, we 
have given the obvious generalization of l-planes. 
It might appear that j-planes are fairly difficult to come by as the 
associated polynomial in 2 variables looks rather formidable and might 
resist solution. However, the converse is true. Using permutation polyno- 
mials, we are able to construct several infinite classes of j-planes including 
the classes of Kantor for j= 1. We shall consider this in Section 3. 
Properties of j-planes 
(2.2) THEOREM. Let 71 denote a j-plane of order q2 and kernel containing 
Kg GF(q). Then 71 admits a cyclic homology group H, of order q + 1. The 
orbits of components under H,: are reguli in the associated projective space 
PG(3, K). 
Proof Use the argument given in Johnson [4] for l-planes. But, note 
for future references that this group is 
(2.3) THEOREM. Let 71 denote a j-plane of order q* and kernel containing 
K E GF(q). Then n admits a cyclic homology group H, of order q - 1. With 
appropriate choice of basis, any orbit of components under H, may be 
represented by 
Proof. The argument of Johnson [4] extended to j-planes shows that 
there is a homology group of the form 
If we choose a component in the form y = X, then Theorem (2.2) follows 
immediately. 
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(2.4) THEOREM. Let z be a j-plane of order q2 and kernel Kfor 2j+ 1) q. 
Then any of the partial spreads defined by the cyclic homology group of 
order q - 1 union the axis and co-axis define derivable nets which are not 
K-regulus nets. The translation planes obtained by the derivation of one 
of these nets has order q2 and kernel the fixed field of the automorphism 
x+x2j+l of K. 
Proof This is analogous to the work of Johnson [4] for j= 1. But, 
note this, in turn, relies on the recent work of Johnson and Ostrom [6] on 
the inherited groups of such derived translation planes. We shall leave it to 
the reader to verify that everything works for arbitrary j. 
Finally, we recall the result of Johnson [S] on maximal partial spreads 
associated with j-planes. We also refer the reader to Johnson [S] or 
Jungnickel [7] for the various definitions of maximal partial spread, 
deficiency, etc. 
(2.5) THEOREM (Johnson [S, (3.2)]). Any j-plane for j nonzero and 
order q2 defines a maximal partial spread in PG(3, q) of deficiency q - 1. 
This maximal partial spread is imbeddable in an aff;ne plane if and only 
2j+ 114. 
We note that a maximal partial spread associated with a j-plane consists 
of the two Baer subplanes of a net of the type mentioned in (2.4) union the 
components not in the net. 
3. CONSTRUCTION 0~ j-PLANES 
The main result of this section apart from the actual constructions is the 
following result: 
(3.1) THEOREM. Let x2 + xg - f be an irreducible quadratic over 
KS GF(q). Let 6,, denote the determinant of [; U: Ig]. Then there is an 
associated j-plane by the construction of Definition (2.1) tf and only if 
4ji(u, t)= @,tf . IS a P ermutation polynomial of K for each u in K. 
Proof We first note that the G images of y = x (see notation of (2.1)) 
are of the following form: Let 
100 0 
g Id.1 = 
OS,JO 0 [ 1 oou t’ 0 0 tf u + tg 
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The g-image of y = x is 
u t 
y=x s’,,,tf 1 &(u+tg) . 
Denote this latter matrix space by y = XL,,,. It is easy to verify 
that g,,, maps y = XL,,, onto y = xL~,,+,,~.,+ t(v+sg)). We consider the 
group G induced on {(u, t)I (u, t) # (0, 0)} defined by (u, t) -+gti,s 
(uu+ tsf,us+ t(o+sg)). 
Clearly, G is permutation isomorphic to G. 
Now assume that the G images of y =x union x = 0 and y = 0 do not 
form a spread. Then there exist L,,, and L,,,,, such that L,, - L,.,,. is 
singular. Assume first that u = u’. Then, from the form of the matrices, it 
must be that Sj,,,tf - SL,,, t’f = 0 which implies that the function dj(u, t), for 
fixed U, is not a permutation polynomial. Thus, we may assume that u # u’. 
Now we may choose v, s so that uv + tsf = u’v + t’sf merely by taking 
v = (t’ - t) sf/(u’ -u). Then g,, maps y = XL,, onto y = XL,,, and maps 
y=L u.,,l onto y = XL,,, for some w, r, m. Clearly, L,,, - L,,, is also 
singular and again this implies that the function dj(u, t), for fixed U, is not 
a permutation polynomial. 
This proves the sufficiency of the statement. However, the argument is 
symmetric so that we have the proof of the theorem. 
The l-planes of Kantor 
As mentioned in Section 1, there are some j= l-planes due to Kantor 
[3] obtained via ovoids in 8-dimensional hyperbolic space. Recall that the 
construction of j-planes depends on j and the irreducible polynomial 
x2 + xg -f: We shall recall the pairs (f, g) corresponding to the planes of 
Kantor as determined by Johnson [4, (3.9), (3.21)]. 
Order of the plane (f; g) 
q2, q even and q = 2 mod 3 (17 1) 
q2,qoddandq=2mod3 (@, f?( -3/0)‘/*), 0 nonsquare in GF(q) 
92, q = 3’ (0, 0), 0 nonsquare in GF(q). 
In order to utilize our Theorem (3.1), we recall the following results: 
(3.2) THEOREM (Dickson [I, p. 631). Ifd is a dioisor of p’- 1 and v is 
not a dth power in GF(p”) then ~$(5)=~(5~-v)(~‘-“‘~ is a permutation 
polynomial of GF(p’) for each r = 0, 1, 2, . . . . n. 
(3.3) THEOREM (Dickson [l, p. 631). A permutation polynomial of 
degree 3 can be reduced to c$‘, when p” = 3” or 3m + 2 and to t3 - cr& c1 non- 
square, when p” = 3”. 
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Now refer to Theorem (3.1) for j = 1. To determine l-planes, we need to 
determine conditions on f and g so that 4, (u, t) = (u( u + tg) - t’f) rf is l-l 
for each u in K isomorphic to GF(q). If u = 0 then we need only that g is 
3” or - 2 mod 3 by Theorem (3.3) above. If u # 0 then dividing each poly- 
nomial by u3f2, and letting z = t/u, we obtain a permutation polynomial 
whenever z3 - z*g/f - zl/f is a permutation polynomial. Multiply by f 3 
and incorporate zf to obtain the polynomial z3 - z*g - zf: 
We first assume that q # 3’. Then shift z to z + g/3 to obtain the polyno- 
mial z3 - z(g*/3 + f) + - 2/27g3 - gf/3. Now this polynomial is l-l if and 
only if the polynomial z3 -z(g*/3 + f) is l-l. Thus, choosing f = -g*/3, 
we obtain a l-plane for q = 2 mod 3. Note that this is the form given in the 
table above. It is fairly direct that any such pair (- g*/3, g) gives an 
isomorphic plane. 
Now if q = 3’, we may take g = 0 to obtain the polynomial (u’ - t'f) tj 
By Theorem (3.3) above, we merely need to take f to be a nonsquare in 
order to determine a permutation polynomial for each u so that we have 
a l-plane for each such constant f: Again, it is easy to verify that the 
l-planes for (f, 0) are all isomorphic. 
Thus, we have verified that the Kantor planes listed above are l-planes 
directly from the definition of j-planes using permutation polynomials. 
((p’- 1)/2))-Planes of Order p’” 
We recall from Theorem (3.1) to construct j = ((p’ - 1)/2) planes of 
order p*“, it s&ices to check that the polynomial do,- i&u, t) = 
(u(z.4 + tg) - ?f)(p’--1)‘* tf is a permutation polynomial for each u in GF(q), 
where q = p”. Note that if we take g= 0, the polynomial reduces to 
(u’ _ pf)‘“‘- 1w tJ Thus, we see from Theorem (3.2) that if u'/f is not a 
square in GF(q), we obtain a permutation polynomial. Thus, taking f to be 
nonsquare, we obtain a ( pr - 1)/2 plane for any r = 0, 1,2, . . . . n, and p odd. 
Thus, 
(3.4) THEOREM. Let q= p” for p an odd prime. Then there is a 
(p’ - 1)/2-plane of order q* for any value of t = 0, 1,2, . . . . n obtained by 
taking the constant pair (f, g) = (p”+l, 0) for any p in GF(q)*. 
From Section 2, we obtain the following corollaries: 
(3.5) COROLLARY. Let n: denote a (p’- l)/Zplane of order q* = p*” and 
kernel K isomorphic to GF(q) as in Theorem (3.4), where t # 0. Let N denote 
the partial spread consisting of 
x=0 and u 0 Y=x 0 Up’ [ 1 for all u in GF(q). 
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Then there is an imbeddable maximal partial spread of deficiency q - 1 in 
PG(3, q) consisting of the two Baer subplanes of N which are K-subspaces 
union the components of x not in N. 
(3.6) COROLLARY. Let 7~ denote the (p’- l)/Zplane of order q2 in 
Corollary (3.5), where t # 0. Then the translation plane ii obtained by the 
derivation of the net N has order p2’ and kernel the fixed field of the 
automorphism x + xp’ of K. 
Note that when q = 3” and t = 1, the (p’ - 1)/2 = l-plane is the one 
constructed previously. 
2-Planes 
We require the following result of Dickson: 
(3.7) THEOREM (Dickson [l, p. 631). The polynomial t5 is a permuta- 
tion polynomial in GF(p”) for p”, 5m f 2 or 5m + 4. The polynomial 
t5 + al3 + (~/5)~ CJ in GF(p”), a arbitrary, is a permutation polynomial in 
GF(p”) for p” = 5m f 2. The polynomial r5 - 2ar3 + a2r, a nonsquare, is a 
permutation polynomial for p” = 5”. 
Now referring to Theorem (3.1) we must find conditions on f, g so 
that #2(u, t) = (u(u + tg) - t’f )’ tf = t’f 3 - t42ugf2 + t3(u2(g2 - 2f) f + 
t3(2u3gf) + tu4f is a permutation polynomial. 
First assume that g = 0. Divide the above polynomial by f 3 to obtain the 
polynomial t5 + t3u2( -2/f) + tu4/f 2. Taking c( = u’/f for f nonsquare, we 
see that we obtain a permutation polynomial whenever q = 5”. 
Now if g#O and qf 5”, divide by f’ and apply t -+ t+ 2ug/5f to 
eliminate the t4 term. Upon choosing g* = - 5J after some calculation, the 
polynomial can be reduced to the polynomial t5 + u2/ft3 + 1/5(u2/f )’ t. 
Applying Theorem (3.7) and choosing a = u’/f, we obtain a 2-plane of 
order p” = 5m f 2. 
(3.8) THEOREM. (1) There is a 2-plane of order 52” with constants 
(P 2s+ l, 0). 
(2) There is a 2-plane of order p” z f2 mod 5 with constants 
(- l/5g2v g). 
We thus obtain the following corollaries: 
(3.9) COROLLARY, (1) Let TI denote the 2-plane of order 52’ and kernel 
K isomorphic to GF(5’) constructed as above and let N denote the partial 
spread defined by 
x = 0, y=x u O [ 1 0 u5 . 
582al5bl2-8 
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Then there is an imbeddable maximal partial spread of deficiency q - 1 in 
PG(3, q) consisting of the Baer subplanes of N which are K subspaces union 
the components of P which are not in N. 
(2) The translation plane 75 obtained from n by the derivation of N is 
of order 52’ and kernel GF(5). 
(3.10) THEOREM. Let z denote a translation plane of order p2’ = q2 and 
kernel K isomorphic to GF(q), where pr E + 2 mod 5. Let N denote the net 
of Corollary (3.9). Then the two Baer subplanes of N union the components 
not on N form an unimbeddable maximal partial spread of deficiency q - 1 
in PG(3, q). 
4. PSEUDO NEARFIELD PLANES AND OTHER CONSTRUCTIONS 
Let rrj denote a j-plane of order q2 and kernel Kg GF(q) with construc- 
tion constants f, g (see Definition (2.1). The q - 1 mutually disjoint reguli 
which together with x = 0, y = 0 make up the spread may be defined by the 
following sets 
By following the argument of Johnson [4, (2.4)(2)] forj= l-planes, the 
reader may verify that if R, is derived then the corresponding slope set 
(matrix set) for the derived partial spread is 
Now assume that the order q2 is odd. In O-planes (Desarguesian), the 
regular neartield planes of order q2 and kernel GF(q) may be obtained by 
the multiple derivation of the regulus nets R,, where /.I is a nonsquare in 
GF(q). In j-planes, in general, in R,, p is a nonsquare if and only if the 
corresponding matrix is a nonsquare when considering the matrix as an 
element of a field isomorphic to GF(q*) (this may be directly verified and 
is left to the reader). 
(4.1) DEFINITION. We shall call a translation plane a pseudo nearfield 
plane if and only if it may be obtained from a j-plane of odd order by the 
replacement of all regulus nets R,, where p is a nonsquare in KE GF(q). 
(4.2) THEOREM. A pseudo nearfield plane of order q2 and kernel 
Kg GF(q) admits affine homology groups of order q - 1 and q + 1 and 
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admits a collineation group in the linear translation complement of order 
q2 - 1. If the construction constants of the associated j-plane are f, g, and 
g = 0 then the group of order q2 - 1 is cyclic and the plane is a 
((q - 1)/2 + j)-plane. 
Proof The components for the pseudo neartield plane are x = 0, y = 0, 
=o if 6,, is a square and A,, = 1 if a,,, is a nonsquare 
Since 
[2; -:I[; u:tg]=[u’ty y’1[: -F]t 
it follows directly that 
is a collineation group in the linear translation complement. Now since 
I,, =0 when t =0 or when 6,, = 1, it follows by multiplication of the 
appropriate kernel homologies that G contains the same homology groups 
as does the original group defining the j-plane. 
Now assume that g = 0, St; ‘j/2 = - 1 if and only if 6,, is a nonsquare 
if and only if A,,I = 1. It is easy to verify that 
100 0 
o-1 0 0 
O=O 01 0 [ 1 0 00-l 
is a Baer collineation of a j-plane when g = 0 and also is a Baer collineation 
of the corresponding pseudo nearfield plane in this case. In G, if an element 
g corresponds to a nonsquare determinant, multiply the element by CJ 
a;;‘; consider the corresponding set G = {g, ,&x,). It is direct to verify that 
G is a cyclic group defining a (q - 1)/2 + j-plane so that the pseudo near-field 
plane is a (q - 1)/2 + j-plane. Note that for j = 0, and q odd, an extension 
field for the O-plane may be chosen so that g= 0 and isomorphic planes 
occur. However, this may not be true for arbitrary j-planes as various 
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examples that we have seen show (also see the isomorphism conditions of 
Figueroa [2] ). 
Other Constructions 
Now let 7~ be an arbitrary j-plane of odd order q* and kernel Kz GF(q). 
If any combination of regulus nets R, are derived, where J is always a non- 
square, then the net N defined by the partial spread 
x = 0, Y = 0, and Y=x[~( u2y+I] 
such that u E K* does not share any common components and may be 
derived independently of the previously derived regulus nets. This is, of 
course, true of pseudo nearfield planes but it is also generally valid. Since 
our constructions of maximal partial spreads in PG(3, q) depend only on 
a translation plane of order q* and kernel GF(q) containing the net N, we 
may construct many examples of such partial spreads. And, if 2j + 11 q, we 
may also construct many examples of translation planes of order q* and 
kernel the fixed field of the automorphism x + x2’+ ’ in K. 
More precisely, 
(4.3) THEOREM. (1) Let n be any j-plane of odd order q* and kernel 
Kg GF(q), where j# 0. Then, corresponding to K, there are ( (q-,1)‘2) + 
((4;1W) + . . . +(~~~:;;~)&p-‘“‘- 1 maximal partial spreads in PG(3, q) 
of deficiency q - 1. The maximal partial spreads are imbeddable in affine 
planes if and only if 2j + 11 q. 
(2) Zf 2j+ 11 q then corresponding to 71 are 2(q-“‘2 - 1 translation 
planes of order q* and kernel the fixed field of the automorphism x -+ x*j+ ’ 
in K. 
There are some things that can be said about the possible isomorphisms 
between maximal partial spreads and/or translation planes constructed in 
the above manner. However, this would involve additional structure of the 
collineation groups of j-planes and we shall not be concerned with this in 
the present article. 
(4.4) More j-Planes of Odd Order. In Section 3, we constructed several 
classes of j-planes including: 
(1) l-planes of order 3*’ and odd order p*‘, where pr E 2 mod 3, 
(2) 2-planes of order 5*’ and odd order p*‘, where p’ = f 2 mod 5, 
(3) (p’- l)/Zplanes of odd order p*’ for any t = 0, 1,2, . . . . r. 
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TABLE I 
Sporadic j-Planes of Order p*, p < 100 
P j (h g) 
11 3 
11 8 
17 
17 
17 
17 
23 
23 
23 
23 
37 
37 
41 
41 
43 
43 
47 
47 
47 
47 
53 
53 
53 
53 
59 
59 
67 
67 
71 
71 
73 
73 
83 
83 
83 
83 
89 
89 
97 
97 
5 
13 
6 
14 
4 
15 
7 
18 
14 
32 
13 
33 
8 
29 
IS 
38 
18 
41 
10 
36 
17 
43 
19 
48 
26 
59 
23 
58 
14 
50 
16 
57 
27 
68 
29 
73 
38 
86 
(7,l) 
(791) 
(11,l) 
(ll,l) 
(10,l) 
(l&l) 
(991) 
(9.1) 
(1531) 
(1531) 
Cal) 
Cal) 
W,l) 
W’,l) 
(17,l) 
(1791) 
(31,l) 
(31,l) 
G%l) 
(Xl) 
WI) 
(21,l) 
(35,l) 
(35,l) 
(39,l) 
(3921) 
iii::; 
(47,l) 
(4791) 
(29,l) 
(2%1) 
(33.1) 
(33.1) 
(55,l) 
(55,l) 
(59,l) 
(59,l) 
(58,l) 
(5&l) 
Note. Of course, for each of these j-planes, 
we may obtain by Theorem (4.3) the maxi- 
mal partial spreads in PG(3, p) of deficiency 
p- 1 and note in each case the partial 
spreads are unimbeddable. 
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Thus, we obtain the following additional classes ofj-planes: 
(1)’ (q - 1)/2 + l-planes of order q = 3’ and odd order q - 2 mod 3, 
(2)’ (q - 1)/2 + 2-planes of order q = 5’ and odd order q = f 2 
mod 5, 
(3)’ (q - 1)/2 + (p’ - 1)/2-planes of odd order q = p’ for t = 
0, 1, 2, . ..) r. 
(4.4) combined with Theorem (4.3) provides a vast number of maximal 
partial spreads in PG(3, q) of deficiency q - 1 and/or translation planes 
with small kernels. 
5. SPORADIC ~-PLANES 
Before we realized the various constructions of infinite classes ofj-planes, 
we determined various examples by the use of the computer. We shall 
simply list in Table I the j-planes that have been found of order p2 for p 
a prime less than 100 other than the ones that have been previously con- 
structed using Sections 3 and 4. There are others of composite order but 
these shall not be listed. 
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